We report experimental results on the action of selected local environments on the fidelity of the quantum teleportation protocol, taking into account non-ideal, realistic entangled resources. Different working conditions are theoretically identified, where a noisy protocol can be made almost insensitive to further addition of noise. We put to test these conditions on a photonic implementation of the quantum teleportation algorithm, where two polarization entangled qubits act as the entangled resource and a path qubit on Alice encodes the state to be teleported. Bob's path qubit is used to implement a local environment, while the environment on Alice's qubit is simulated as a weighed average of different pure states. We obtain a good agreement with the theoretical predictions, we experimentally recreate the conditions to obtain a noise-induced enhancement of the protocol fidelity, and we identify parameter regions of increased insensibility to interactions with specific noisy environments.
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I. INTRODUCTION
In the quantum teleportation algorithm an unknown quantum state is transmitted between two distant parties who share an entangled pair of qubits [1] . The unknown quantum state is destroyed by the sender (Alice) and later reconstructed non-locally by the receiver (Bob) using purely classical information and quantum entanglement. Quantum teleportation relies on entanglement as the quantum resource to be able to communicate with higher fidelities than those that can be achieved by classical communications. Ideally, in the quantum teleportation protocol, the state can be reconstructed with perfect fidelity F = 1, while it has been shown that the maximum fidelity attainable by a purely classical channel is F = 2/3 [2] . Nevertheless, the entangled pair may suffer from decoherence by the interaction with the environment, producing mixed entangled states. Popescu showed that a mixed state could still be useful for teleportation with fidelities greater than the classical limit [3] [4], although not every mixed entangled state can achieve quantum fidelities [5] . The fidelity of teleportation can be related to the fully entangled fraction f of the quantum resource ρ, defined in [6] as
If Alice and Bob share a state ρ ∈ H A ⊗ H B = C d ⊗ C d the teleportation fidelity F can be defined in terms of the fully entangled fraction as [7] 
For the case d = 2 we obtain F = 2f +1
3 . In order to improve the classical teleportation limit (F > 2/3) we need f > 1/2. Hence the fidelity on a teleportation protocol can be increased by increasing f .
Badziag et. al. [8] presented a class of two-qubit states with f < 1/2 which can be used for teleportation with non-classical fidelity. They showed that dissipative interactions with an environment via an amplitude damping channel can enhance the fidelity of teleportation for a family of non-teleporting mixed entangled states, allowing for teleportation with quantum fidelity. Bandyopadhyay [9] later analyzed the action of the amplitude damping channel for bipartite maximally entangled states (the four Bell states) where the qubits of the entangled pair undergo local interactions with their respective environments. In [10] it was shown that an enhancement in teleportation fidelity via dissipative interactions with the local environment can be achieved for two-qubit teleportation using a family of four-qubit mixed states as a resource. More general conditions to establish an optimal teleportation protocol when noise is present both in the quantum channel and in the input state were presented and studied in [11] .
In this work we focus on experimental results from a quantum teleportation scheme that is afflicted by local noise. By evaluating the quantum fidelity of the process we study the influence of particular dissipative interactions, and we analyze different scenarios where the protocol shows different sensitivities to local noise, with the goal of obtaining practical and robust conditions for quantum communications. The following section is devoted to a description of the formal aspects of the problem, and the specific noise channels that are experimentally implemented. Section II B describes the action of the local environments on entangled resource and its effect on the fully entangled fraction of the quantum resource. Section III describes the experimental realization of the noisy teleportation protocol, and finally section IV is devoted to the presentation and discussion of the results.
II. INTERACTION WITH DISSIPATIVE ENVIRONMENTS
A. General framework
The dynamics of open quantum systems can be studied as the interaction of a system S with an environment E. We consider a system in state ρ, which is transformed into the final state ε(ρ) by an evolution operator U . We also assume that the system and the environment are initially in a product state ρ ⊗ ρ E : after the evolution the system no longer interacts with the environment, so a partial trace can be performed over the environment to obtain the evolution of system S [12] :
Let |e k be an orthonormal basis for the state space of the environment, and let the initial state of the environment be ρ E = |e 0 e 0 |, without loss of generality. The previous equation can then be rewritten as
where K j = e j |U |e 0 are the Kraus operators [13] . These operators are trace preserving, meaning that
, which guarantees that T r[ε(ρ)] = 1. Throughout this work we implement and study the influence of the amplitude damping and phase damping dissipative channels on the teleportation protocol. The properties of their interactions with the system are described as follows:
• Amplitude Damping Channel (ADC), which describes the energy dissipation of a system to the environment. It is typically an atomic process, and it can be thought of as the spontaneous emission of a photon into the environment by the decay of an excited state of a two-level atom in the presence of an electromagnetic field. This channel can be described with the map
When there is no excitation present, the system and the environment remain unaltered, while when an excitation is present in the system, it can either remain there with probability (1 − p) or decay to the ground state with probability p, producing an excitation in the environment. This map can be put in the form of Kraus operators as
• Phase Damping Channel (PDC), in which the system looses coherence due to -for example-random scattering without any loss of energy. This process only involves the phase, and it can be associated to a loss of coherence between photonic states due to a temporal or transversal mismatch. The map that describes this noisy channel is the following:
and the corresponding Kraus operators are:
In the following section, we formally describe the interaction of an entangled qubit pair with local environments, and we calculate the fully entangled fraction of such perturbed state, as a measure of its ability to serve as the entangled resource for quantum teleportation.
B. Effect on a two-qubit entangled state
We shall consider different cases, where the entangled resource available for the teleportation protocol is initially a two-qubit pure Bell state
that interacts with the environment via an amplitude and/or a phase damping channel.
For the case where only one qubit from the maximally entangled state undergoes dissipation via ADC, suppose Alice's qubit interacts with the environment. Using the Kraus operators formalism, the evolution of state ρ into ρ may be described as
where A i = K i ⊗ I and K i are the Kraus operators for the ADC map (6). The state ρ may then be written as
The fully entangled fraction for this state, defined in Eq.
(1) and calculated using the closed-form expression from [14] , is
For the state to be useful for teleportation (i.e. to be able to achieve teleportation fidelities above the classical limit) the fully entangled fraction must satisfy f (ρ ) > 1/2. We will refer to states that satisfy this inequality as "teleporting states". It is easy to see that
If we now let Bob's qubit in ρ interact with an environment via ADC as well, the transformed state ρ is now
with operators A i = I ⊗ K i . In this case, the fully entangled fraction for the state ρ after the interaction of both qubits with an amplitude damping channel, with their respective dissipative parameters p a for Alice and p b for Bob, is now
It is worth to note that since both subsystems are affected by similar local interactions, the effect on the fully entangled fraction is symmetric with respect to p a and p b . We now analyze different scenarios for each damping parameter, recalling that the teleportation fidelity is directly related to the fully entangled fraction of the entangled resource via (2):
• If only one of the qubits suffers dissipation (let p a =0) the fidelity is maximum (F =1) for p b =0, and monotonically decreases to reach the classical limit
Under larger damping conditions the initial maximally entangled resource becomes highly inefficient for teleportation (ρ = 1 2 (|00 00| + |01 01|) at p b =1), hence the fidelity falls below the classical limit, down to a value of 1/2 for p b =1.
• If both interactions occur with the same parameter p = p a = p b the fully entangled fraction may be written as
from where we obtain f (ρ ) > 1/2 ∀ 0 ≤ p < 1.
Remarkably, even though noisy environments destroy the coherence of entangled pairs, letting both qubits interact with an environment via ADC with the same damping parameters gives an enhancement on the achievable teleportation fidelities with respect to the ones obtained when only one qubit interacts with the environment. In other words, for certain bipartite quantum states used as the teleportation resource, the fidelity of the process can be enhanced by a local dissipative interaction [8, 9] .
For p b and p a equal to p = 2 √ 2 − 2, using (12) and (2) it can be seen that the process fidelity raises to the non-classical value
in particular, non-teleporting states can be made teleporting by dissipative interactions with an environment.
• The previous scenario imposes some stringent and unrealistic situation, in which both damping strengths are known and at least one can be controlled. Nevertheless, for p a = p b we can find different regions in the parameter space where the fully entangled fraction is greater than 1/2. Fig.  1 shows a contour plot for Eq. (15) as a function of both damping parameters. If one of the parties can generate such a dissipative interaction, then the fidelity of a teleportation process under local amplitude damping can be enhanced by tuning the damping strength of the controlled environment.
• Also interesting is the fact that for fixed values of p a (p b ), we can find curves with f values greater than 1/2 where the influence of noise is almost negligible for all values of p b (p a ), as the fully entangled fraction (and hence the fidelity) remains approximately constant (Fig. 1) . We should stress the fact that the above conclusions are based on the assumption that the original teleporting resource is a pure, maximally entangled state, and specific local noise is added. A natural question that emerges is how these results are affected when the entangled resource is imperfect, and also if the predicted fidelity enhancement is still attainable in a real world implementation of the protocol. In such cases, gaining knowledge on the sensibility of the teleportation efficiency under the variation of the strength of a local operation may also prove to be of practical interest. When working in realistic laboratory conditions, it might then be useful to let the qubit undergo controlled dissipative interactions, so as to mitigate the sensibility to noise but still be able to teleport with quantum fidelities. Fig. 2 shows a plot of ∂f /∂p b , for values of the fully entangled fraction above 1/2: in this ideal case, regions where the fully entangled fraction is insensitive to this particular noise are present, even under strongly dissipative conditions. In particular there is a solution for ∂f /∂p b =0, meaning that f AA (ρ ) is not a monotonically decreasing function and therefore an increase of the fidelity can be expected. Finally we present the expressions for the fully entangled fraction of a two-qubit maximally entangled state that is affected by a phase damping channel on one qubit (b) and an amplitude damping channel on the other qubit (a);
and when the dissipative interactions are phase damping channels on both qubits:
It is easy to check that the partial derivatives of (18) and (19) are always negative in the interval 0 ≤ p a , p b ≤ 1 and therefore we cannot expect a fidelity enhancement with an increase of any of the damping strengths.
In the next section we address these points from the experimental point of view, using a previously reported quantum teleportation setup [15] that relies on an inherently imperfect entangled resource, where we add a local noisy environment on Bob's qubit and we simulate a local environment on Alice's side by averaging measurements obtained with pure states. All the results are expressed in terms of the process fidelity F , which can be directly obtained from the experimental results.
III. EXPERIMENT A. Teleportation Setup
The experimental arrangement that implements quantum state teleportation was originally reported in [15] , and uses a polarization-entangled photon pair source as the quantum resource, while the state to be teleported is encoded in the path of one of the photons. Photon pairs are generated by spontaneous parametric downconversion (SPDC) in a BBO type-I nonlinear crystal arrangement [16] , pumped by a 405nm CW laser diode. Decoherence originated from timing information and spatial mode phase dependence generated by the birefringence of the nonlinear crystals is corrected using a series of birefringent compensating crystals introduced on the pump beam and on the photon pair paths. The preparation of the path-encoded input state is obtained using a Sagnac displaced interferometer with a variable relative phase between paths and an additional relative phase at the output. The inherent stability of this kind of interferometers allowed us to achieve 98% visibility at the output measured in coincidence with Bob's detections. The controlled-not gate -with the polarization as the target qubit-is obtained with half waveplates inserted on a similar displaced Sagnac interferometer arrangement, and the Hadamard gate needed for the protocol is implemented on the path qubit using a beam splitter. The two interferometers share the same beam splitter cube, forming a bow-tie layout. The complete setup is depicted in Fig. 3 .
Measurements are obtained by projecting Alice's output onto the canonical two-qubit basis states {|0H , |0V , |1H , |1V }, where the first qubit represents the path qubit and the second the polarization qubit. The teleported state is reconstructed at Bob's side by performing standard quantum state tomography [12, 17] State preparation is performed on a path qubit on Alice's side using a displaced Sagnac interferometer and phase plates. The controlled-not gate is implemented with half-wave plates placed on each of the logical states of the path qubit, one at 0
• and the other at 45
• , whereas the Hadamard gate is obtained with a third passage through the beam splitter. Quantum state tomography is applied on Bob's photons in coincidence with a detection of a photon on one of Alice's outputs. Bob's polarization qubit can be coupled to a local environment encoded on the path qubit (see text): the photon enters a Sagnac interferometer based on a PBS, where the H and V polarization components are routed in different directions. If α = 0
• both polarization components are coherently recombined in the PBS and exit the interferometer in mode a. For every other angle of α the V component is transformed into an H polarized photon with probability p = sin 2 (2α) and exits the interferometer in mode b. Both modes are later incoherently recombined using a HWP oriented at 45
• on mode b (H2) and another polarizing beam splitter, which corresponds to a partial tracing operation over the environment. The light green-dashed HWP placed on Bob's path is occasionally used to generate state ρ 2 to simulate the noisy channel on Alice's side (see text).
In the χ-matrix representation, the quantum process for a single qubit is described by ε(ρ) = mn χ mn E m ρE † n [12] . For processes which can be described by a χ-matrix the average fidelity can be easily calculated from the χ 00 element [18] as
provided that the operator basis {E m } satisfies:
T r (E m E n ) = 2δ mn , E m E † m = I, and E 0 = I [19] . In our case the operator basis is {I, X, Y, Z}. Via quantum process tomography, the χ-matrix was reconstructed from the measurements for the four possible outcomes. The teleportation protocol requires to apply an additional rotation that depends on the measurement of Alice's qubits to recover the orginal state. Therefore, the element χ 00 of the complete process can be operationally obtained using the corresponding diagonal element of each of the reconstructed processes χ (ij) associated with the different outcomes of Alice's qubits: i = 0, 1, j = H, V . The final value for the fidelity is then obtained as:
(21) with p ij = T r(P ij ρ out P † ij ), ρ out is the state obtained after applying the teleportation protocol and P ij the projector on the |ij state outcome. p ij is therefore the probability of finding the teleported state when the |ij outcome is measured. If the two-qubit state is maximally entangled, ideally p ij = 1/4 and χ
B. Noisy environments
Local noise on Bob's qubit. For the implementation of the amplitude damping channel on Bob's side we used the arrangement proposed by the group of S. Walborn at UFRJ in [20] . Fig.3 shows a schematic representation of the Rio environment implementation on Bob's side. In this scheme, Bob's polarization qubit interacts with a controlled environment encoded in the path qubit, using a displaced Sagnac interferometer based on a polarizing beam splitter (PBS). If we associate the horizontal (H) polarization component with the ground state and the vertical polarization (V ) with an excited state, and the environment is represented by the two path modes of the photon, map (5) is implemented as follows: an incoming photon on mode a is split into its H and V components by the PBS. The V polarized photons are reflected and propagate inside the interferometer in the counterclockwise direction, passing through a half-wave plate (H1) which transforms the vertical polarization state to a cos(2α)|V + sin(2α)|H state, where α is the physical angle of the half-wave plate. The H component of this rotated state exits the interferometer, transmitted into mode b with probability p = sin 2 (2α), while the vertical component is reflected into mode a with probability 1 − p = cos 2 (2α). In turn, the H photons of the input state propagate through the interferometer in the clockwise direction and exit through the PBS into mode a, with their polarization state unaltered. In this way, we obtain |H |a → |H |a and |V |a → √ 1 − p|V |a + √ p|H |b , which is equivalent to map (5) with p = sin 2 (2α). A HWP oriented at 0
• (H0) is placed on the H photons path to compensate for the optical path difference. The relative path length of interferometer is adjusted so that when H1 is oriented at 0 • the polarization of the input state remains unaltered by the interferometer. Photons in mode a and b are then measured by performing standard quantum state tomography of the polarization state, using a quarter-wave plate, a half-wave plate and a polarizing beam splitter, which recombines mode b into mode a incoherently so that both modes can be detected with a single photon detector. In this way, the environment is traced out and the original system is left affected by the noisy channel. With this purpose, H polarized photons on mode b are rotated by a HWP oriented at 45
• (H2) just before passing through the PBS. The phase damping channel can also be implemented by simply removing H2 from mode b. Since only horizontally polarized photons are routed into mode b at the output of the PBS, this is equivalent to encode mode b into the vertical polarization. The resulting map corresponds to a phase damping interaction described by equation (7), once the environment is traced out by incoherent combination of both spatial modes [20, 21] .
The characterization and parametrization of this noisy environment was done as follows: for each value of the half waveplate angle α, we measured and reconstructed the two-photon state, and we obtained the corresponding value of p b by finding the maximum fidelity between the measured density matrix (after a maximum likelihood optimization) and the predicted density matrix. This matrix was calculated by numerically applying the amplitude damping map to the available entangled state, measured for p a = p b = 0. The measured values as a function of the half-wave plate's angle α are shown in Local noise on Alice's qubit. This polarization-based Sagnac interferometer is a useful tool for studying quantum channels in a controlled manner. In order to investigate the behavior of the teleportation algorithm under local coupling to noisy environments, we also need to consider the effect of a damping channel on Alice's side. Using the spatial qubit to encode the environment is not possible, since this degree of freedom is already used to encode the input state. Furthermore, the Sagnac interferometer produces two outputs that are spatially separated, and implementing a noise stage equivalent to the above described would imply building two identical, matched Sagnac polarizing interferometers, one for each path output. The amplitude damping channel on Alice's side was therefore simulated as a weighed average of the measurements obtained with two different pure states acting as the quantum resource, which were produced with the sole inclusion of a half wave plate in the path of one of the photons from the entangled pair and a rotation of the half wave plate that sets the polarization of the pump beam. Eq. (11) can be re-written as:
which can be interpreted as
with
using the identification sin φ = 1/ √ 2 − p a ; and ρ 2 = |HV HV |.
The pure state ρ 1 can be generated by simply rotating the angle θ of the half-wave plate placed before the BBO crystals, used to control the polarization of the pump beam (taking φ = 2θ). Using the standard nonlinear crystal arrangement for the generation of type-I entangled states [16] , this waveplate (H3 in Fig. 3 ) transforms the horizontally polarized pump beam into a diagonally polarized beam when its fast axis is rotated 22.5
• from the vertical position. This configuration leads to a value of p a = 0. Instead, rotating the waveplate 45
• produces a vertically polarized pump beam on the BBO crystals and generates a state |HH HH|, which is therefore equivalent to set p a = 1.
The other pure state ρ 2 can be generated by rotating H3 45
• , and adding another HWP at 45
• on Bob's path to further transform the downconverted pair into the state |HV HV |. The amplitude damping channel acting on Alice is then simulated by averaging the results of the experiment using these two states with their respective statistical weights, 1 − pa 2 and pa 2 . In order to verify the parametrization for p a as a function of the experimentally accesible variable θ, we calculated the density matrix ρ 1 using different values of the waveplate angle. The corresponding coupling strength p a was obtained by maximizing the fidelity between such density matrix and the density matrix calculated by applying the transformation described in Eq. (24) to our original, experimentally limited entangled resource. Measurement of the fidelity of teleportation over different dissipative environments was obtained as follows: for fixed values of p a and p b , quantum process tomography was performed for each of the possible outcomes of the teleportation process, that is, the quantum state obtained by Bob conditioned to the four possible results obtained by Alice. The value of the average process fidelity was calculated as shown in Eq. (21) for each condition of p a and p b .
IV. RESULTS AND DISCUSSION
Amplitude damping over both subsystems. The action of local environments on the fidelity of quantum teleportation was evaluated using a non-ideal polarization entangled state produced by SPDC and limited by experimental conditions. This state has a fidelity with the |Φ + Bell state of 85%, as defined in [22] . By applying the map (5) to a tomographic reconstruction of this entangled state, different theoretical curves can be predicted for the fidelity of teleportation over local, bipartite, amplitude damping channels. The measured points show good agreement with the theoretical prediction for this particular noise channel. As expected, for a fixed value of p a the fidelity of quantum teleportation is a monotonically decreasing function of p b (blue and red points). The black points and curve correspond to the condition p a =p b . In section II B, for the particular condition p a = 2 √ 2 − 2, it was shown that an enhancement of the process fidelity can be obtained by increasing the amount of coupling with Bob's local environment to a value p b = p a . Even using a pure entangled resource, the expected enhancement is marginal. Using a tomographic reconstruction of our imperfect entangled pair, the point where our predicted curve for p a = 0 crosses the F =2/3 line was numerically found to be p b =0.7568. Fixing p b at that value, and increasing the damping parameter on Alice's qubit up to p a =0.48, we numerically obtain a maximum fidelity of F ≈ 0.6725 2/3. The predicted enhancement is small and close to the experimental uncertainty. Nevertheless, repeated measurements were performed on these two points to obtain a mean value and standard deviation for the fidelity. For p b fixed at 0.73±0.05, we experimentally reproduce the classical limit of teleportation, F =0.667 for p a =0. When p a is set to 0.47±0.05, the fidelity rises to F =0.675, with a standard deviation σ=0.005. This small increase on the teleportation fidelity becomes practically masked by the statistical error of our setup. Statistical fluctuations are indeed present in any physical implementation of the protocol, and due to the relatively small achievable enhancement, a statistical dispersion below 1% is required for the effect to be noticeable. Of more practical interest is the behavior reached for a heavy damping condition (p a =0.7, red squares), where the fidelity of the quantum teleportation protocol becomes practically insensitive to noise on the other qubit, and yet it remains above the classical limit up to p b ≈0.8.
Phase damping over one subsystem. The protocol was repeated, now letting Bob's photon interact via a phase damping channel, while Alice's photon still interacts via the amplitude damping channel. Fig. 7 shows the predicted theoretical curves and the experimentally measured data of the fidelity for different values of p b , for two different amplitude damping parameters on Alice's environment: p a = 0 (black circles) and p a = 0.5 (red squares). The dashed line corresponds to the classical limit of F = 2/3. Vertical and horizontal error bars were obtained as before. As expected, no enhancement can be obtained by adding noise to the system via a phase damping channel when the other photon is subjected to an amplitude damping channel. Nevertheless, the action of the phase damping channel over one qubit (that is, for p a = 0), despite destroying the quantum coherence of the entangled pair, produces fidelities above the classical limit for almost all values of p b , unlike applying an ADC over one qubit.
V. CONCLUDING REMARKS
We have presented experimental results that investigate the influence of local environments on the fidelity of the teleportation protocol. Taking into account nonideal, realistic entangled resources, we studied the interaction of the two qubits of the entangled pair with a local environment. By applying an ADC on both parties, different theoretical conditions were identified and measured experimentally on a photonic implementation of the teleportation algorithm. We obtained a good agreement with the theoretical model for dissipative channels. The predicted enhancement of the teleportation fidelity by an increase of the coupling to a local environment is marginal, and in practice it might be easily masked by statistical noise. Regions of increased insensibility to amplitude damping noise could be observed in the experiment. The setup was also used to test the influence of a phase damping channel on Bob's side, using the same interferometer with a simple modification. The experimental results are again in good agreement with the predicted theoretical curves. This versatile setup allowed us to study different noisy channels in a repeatable manner, obtaining the general behavior of the action of local environments on the fidelity of the teleportation protocol despite having a limited entangled resource. The study of the influence of noise on particular protocols may lead to more robust, noise-insensitive implementations of quantum information processes.
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